Abstract. In this paper we characterize the modules and the complexes involved in the dualities induced by a 1-cotilting bimodule in terms of a linear compactness condition. Our result generalizes the classical characterization of reflexive modules with respect to Morita dualities. The linear compactness notion considered, permits us to obtain finiteness properties of the rings and modules involved.
Introduction
Let R and S be two arbitrary associative rings with 1 = 0. We denote by R-Mod and Mod-S the categories of left R-modules and of right S-modules. Morita and Azumaya in [20] and [3] studied the additive category dualities between two categories of left R-and right S-modules closed under sub and factor modules, and containing all the finitely generated modules. They proved that these are equivalent to the category dualities given by the contravariant Hom functors induced by Morita bimodules, i.e., bimodules R W S such that R W and W S are injective cogenerators and R = End W S , S = End R W . The modules in the domain and in the range of these dualities are called Morita reflexive.
In [21] Müller proved that the Morita reflexive modules coincide with the linearly compact modules.
The 1-cotilting modules generalize injective cogenerators: indeed, they are modules which are injective exactly on the subcategory they cogenerate. The cotilting theory studies the dualities induced by the contravariant functors Hom R (−, U ), Hom S (−, U ) and Ext [6] provided a unified approach to the various theories of equivalence and duality between categories of modules developed in the last 50 years, concentrating on those induced by tilting and cotilting modules. The rich bibliography in [6] takes into account the contribution in this field of many mathematicians.
Given a 1-cotilting bimodule R U S , the two pair of contravariant functors Hom R (−, U ), Hom S (−, U ) and Ext 1 R (−, U ), Ext 1 S (−, U ) play the same role, but their behavior is not symmetric. This is essentially motivated by the fact that Ext 1 (Hom(−, U ), U ) vanishes, while the other composition Hom(Ext 1 (−, U ), U ) is in general different from zero. Many papers dedicated to cotilting theory have to handle with this asymmetry, which affects the study of the duality induced by the contravariant functors Ext 1 R (−, U ), Ext 1 S (−, U ). The problem can be bypassed restricting to noetherian rings and finitely generated modules (see e.g. [19] , [5] , [26] ), since Hom(Ext 1 (−, U ), U ) is zero on finitely related modules (see Lemma 4.10) . Otherwise, one can circumscribe his interest to particular classes of modules where Hom(Ext 1 (−, U ), U ) is zero, as in [7] , [16] and [25] . In this paper we have undertaken a different direction, facing this asimmetry. Recently, in [18] we have studied the dualities induced by a cotilting bimodule in the framework of the derived categories of modules over an arbitrary associative ring. We think that this is the correct setting for understanding, also at the level of the module categories, the nature of these dualities. Considering the total derived functors R Hom(−, R U ) and R Hom(−, U S ) and their cohomologies is indeed possible to evaluate the interplay of the functors Hom R (−, U ), Hom S (−, U ) and Ext 1 R (−, U ), Ext 1 S (−, U ). In particular the vanishing of Hom(Ext 1 (−, U ), U ) is better understood and, naturally inserted in the notion of reflexive object, it looses its technical aspect.
The aim of this paper is to characterize in terms of a suitable notion of linear compactness the D-reflexive complexes, i.e., the complexes in the domain and in the range of the duality induced by the functors R Hom(−, R U ) and R Hom(−, U S ). In such a way we generalize to cotilting dualities between derived categories the classical Müller result. In [18, Corollary 3.6, Example 4.6] we have proved that a complex is D-reflexive if and only if its cohomologies are D-reflexive. Therefore for characterizing the D-reflexive complexes is sufficient to characterize the D-reflexive stalk complexes, i.e., the D-reflexive modules considered as complexes concentrated in degree 0.
In [6, Proposition 5.3.7] , consequence of results in [4] and [17] , a characterization of modules in the domain and in the range of the duality induced by the contravariant functors Hom R (−, U ), Hom S (−, U ) is given in terms of suitable notion of density and linear compactness. Generalizing a result of Wisbauer [27, 47.7] , we characterize in Theorem 4.6 the bimodules R U S for which the density condition is automatically satisfied. In Theorems 4.16, 4.17 and Corollary 4.18 we characterize the modules in the domain and in the range of the duality induced by the contravariant functors Ext
employing a suitable notion of linear compactness. The linear compactness notion considered, permits us to obtain finiteness properties of the rings and modules involved in the duality. In particular we extend the Osofsky's result on the impossibility for an infinite direct sum to be involved in a Morita duality to the cotilting case (see Proposition 3.3), and we prove that a right noetherian ring admitting a cotilting duality is necessarily semiperfect (see Proposition 3.5). Finally, summarizing what we have obtained in the previous sections, we conclude the paper with the characterization of D-reflexive complexes (see Corollary 5.5).
Preliminaries and Notation
Let R and S be two arbitrary associative rings with 1 = 0. We denote by R-Mod and Mod-S the categories of left R-modules and of right S-modules, and by D(R) and D(S) the corresponding derived categories. Definition 1.1. A left R-module (resp. right S-module) U is 1-cotilting if it satisfies the following conditions:
A bimodule R U S is 1-cotilting if both R U and U S are 1-cotilting.
It can be shown (see [ 
where U 1 , U 0 ∈ Prod U , the subcategory of the direct summands of direct products of copies of U . Consider the following subcategories associated to a module L:
. A module U is 1-cotilting if and only if Cogen U = ⊥ U (see [8, Proposition 1.7] ); in such a case (Ker Hom(−, U ), Cogen U ) is a torsion pair.
An injective cogenerator is a 1-cotilting bimodule. Therefore a Morita bimodule is a faithfully balanced 1-cotilting bimodule. The generalization is effective, for there exist rings with a faithfully balanced 1-cotilting bimodule which do not admit a Morita duality. 
R (Add R R , R R ) = 0 and for any injective cogenerator W in Mod-R there exists an exact sequence 0 → R 1 → R 0 → W → 0 with R 1 , R 0 ∈ Add R R = Prod R R . This implies that R R is a 1-cotilting module and that it is Σ-pure injective [11, Lemma 1.2.23]; thus R is right coherent [9, Corollary 5.4 ]. Since R is right coherent and left perfect, R R is product complete by [15, Proposition 3.9] ; applying again the above argument, we get that also R R is 1-cotilting. In the sequel let us fix a 1-cotilting bimodule R U S ; we denote by ∆ R and ∆ S (or simply by ∆ when the ring is clear from the context) the contravariant functors Hom R (−, U ) and Hom S (−, U ), by Γ R and Γ S (or simply by Γ) the contravariant functors Ext We often denote by ∆ 2 both the compositions ∆ S • ∆ R and ∆ R • ∆ S , by Γ 2 both the compositions Γ S • Γ R and Γ R • Γ S , and by (R ∆) 2 both the compositions
2 [12, Proposition 5.4 ]. The pair of functors (∆ R , ∆ S ) is right adjoint with units the evaluation maps
Along this paper we will define the notions of ∆-reflexive, ∆-torsionless, ∆-torsion, ∆-dense, ∆-linearly compact modules; all these are known in the literature as U -reflexive, U -torsionless, U -torsion, U -dense, U -linearly compact modules. We make this choice since in the sequel other notions of reflexivity, torsionless, torsion, density, linear compactness will be associated to the bimodule R U S .
The classes of ∆-torsion and ∆-torsionless modules coincide with the torsion and torsionless modules associated to the torsion pair (Ker ∆, Cogen U = Ker Γ).
Let M be a module.
• if M is ∆-reflexive, also ∆(M ) is ∆-reflexive. For each module M we denote by Rej U M the intersection {Ker f : f ∈ ∆M }. The Rej U M and M/ Rej U M are the torsion part and the torsionless part of the module M with respect to the torsion pair (Ker ∆, Ker Γ).
Since Im ∆ ⊆ Cogen U = Ker Γ, we have Γ∆ ℓ = 0 for each ℓ ≥ 1. The same is not true in general interchanging the role of the functors ∆ and Γ (see Example 2.4).
By [14, Lemma 13.6 ] also the total derived functors R ∆ R and R ∆ S form a right adjoint pair. Let us denote by η both the units We can associate with each short exact sequence of left R-modules
. Applying R ∆ 2 to this triangle and considering the corresponding long exact sequence of cohomologies we get the following commutative diagram
for each left R-module X. 
Then a module M is D-reflexive if and only if
• ∆ΓM = 0 and η
it is D-torsionless if and only if
A 1-cotilting bimodule has a cogenerator-type property in the derived category: In the sequel, if M is ∆-torsionless (resp. M is ∆-torsion) we will identify the maps η
We can check if a module is D-torsionless or D-reflexive considering separately its torsion and torsionless part with respect to the torsion pair (Ker ∆, Ker Γ): Proof. We consider separately the cases i ≤ −2, i = −1 and i = 0.
is always an isomorphism. From the exact sequence
we get immediately the thesis.
Rej U M is a monomorphism and η 0 M/ Rej U M is an epimorphism and hence an isomorphism. Therefore also η 0 Rej U M is an isomorphism. The converse is clearly true.
We collect in the following result some useful property of ∆-torsion modules.
and there is a short exact sequence
Proof. Let ...
Applying a third time ∆ we get
we have easily H 0 R ∆N = 0, H 1 R ∆N = ΓN , and
Finally we have the following commutative diagram
from which we get the short exact sequence
Then we conclude by (3). 5. Consider the exact sequence
Applying the functor ∆ we get the exact sequences
D-torsionless modules
In this section we study the D-torsionless modules. In particular we will see that they are in general different from the whole category of modules.
In the sequel we assume always R U S is a 1-cotilting bimodule (see Definition 1.1). Let us denote by D Cogen U the class of D-torsionless modules, i.e. of modules M such that η 0 M is a monomorphism (see Proposition 1.7). Clearly Cogen U ⊆ D Cogen U . The class of D-torsionless modules is a pretorsion-free class, i.e. it is closed under submodules and products; in general it is not closed under extensions.
Proof. Consider the commutative diagram with exact rows
Remembering that D Cogen U is closed under submodules and products, the following result give a large number of D-torsionless modules.
and Lemma 2.1, we obtain that also
we get the exact sequences
Applying again ∆ we get Any given class C of objects cogenerates a torsion pair [24, Chapter VI, §2] whose torsion free class is the smallest torsion free class containing C. 
Proof. Since Im
; ; 
D-reflexive modules
Given a module L, we denote by gen L the class of all modules M such that there exist a natural number n ∈ N and an epimorphism φ Proof. 1) Let F ∈ gen S S ; then there exists a short exact sequence
for a suitable n ∈ N. To this exact sequence we can associate the triangle in D(S)
Applying the functor R ∆ 2 and considering the long exact sequences of cohomologies, we get the following commutative diagram
getting immediately the surjectivity of η 0 F . 1a) If F is ∆-torsionless, then F is D-torsionless and ∆ΓF = 0. Therefore F is D-reflexive by Proposition 1.7. 1b) By Proposition 2.2 and the closure of D Cogen U with respect to submodules, η 0 F is an isomorphism. Applying ∆ to the exact sequence Γ 2 X → ΓF → 0 we get 0 → ∆ΓF → ∆Γ 2 X. If the latter is zero, then F is D-reflexive. 1c) If K belongs to gen S S or to gen R U , then η 0 K is an epimorphism; it is also a monomorphism and hence an isomorphism. Therefore ∆ΓF = 0 and η 0 F is an isomorphism. The cases F ∈ gen R U and F ∈ pres R U are analogous. Proof. Let us consider the short exact sequence
First let us prove the statement for M being ∆-torsion. In such a case also the modules N λ are ∆-torsion and the map Γ 2 (M )
is an epimorphism. Applying ∆ to ( * ) we get the exact sequences
Since U is pure injective [4] , Cogen U is closed under direct limits [17, Proposition 1.3]. Applying first the direct limit and then ∆, we obtain the epimorphism
From the commutative diagram with exact rows
we conclude that lim ← − p λ is an epimorphism. Assume now M is ∆-torsionless. From the exact sequence 0 → K λ → M → N λ → 0 we get the long exact sequence
Denoted by I λ the cokernel of ∆p λ , we have the following commutative diagram
Consider the exact sequences
Since I λ ∈ Ker Γ S and the latter is closed under direct limits, we get the exact sequence
and the epimorphism
Passing to inverse limits in the previous diagram, we obtain the commutative diagram with exact rows
we conclude that lim ← − p λ is an epimorphism. Finally, we consider the general case. Let M be a module; consider its ∆-torsion and ∆-torsionless parts and the commutative diagram 
Then we get the exact sequence
The maps η Proof. Let M = ⊕ i∈I M i be a direct sum of non-zero modules. For each finite subset
Consider the inverse system of epimorphisms (M pF → M F ) F , where the p F 's are the canonical projections, and the following commutative diagrams
and η 0 MF are isomorphisms. Then, by Proposition 3.2, the inverse limit
is surjective. Let 0 = m i ∈ M i for each i ∈ I, and m F ∈ M F the element whose j-component is m j for each j ∈ F . Clearly (m F ) F ⊆I is an element of lim ← − M F ; therefore there exists m ∈ M such that p F (m) = m F for each finite subset F ⊆ I. This element m has all its components different from zero: therefore I is finite. 
is a splitting mono. Then by Proof. Since R = End(U S ), the finitely generated left R-modules are D-reflexive. Then we conclude by Proposition 3.6.
Characterization of D-reflexive modules
In this section we characterize the D-reflexive modules in terms of a linear compactness and a density notions. Proposition 1.10 suggests us to characterize separately the ∆-torsion and the ∆-torsionless D-reflexive modules.
D-reflexive ∆-torsionless modules.
If M is a ∆-torsionless module, then it is D-torsionless and ∆ΓM = 0: in particular by Lemma 3.1 all finitely generated ∆-torsionless modules are D-reflexive. The main result about ∆-torsionless modules is the following characterization, consequence of results in [4] and [17] : If R U and U S are cogenerators in the respective categories, all modules are clearly ∆-torsionless and ∆-dense by [27, §47.6] , and the ∆-linear compactness coincides with the usual linear compactness: thus we deduce the classical Müller characterization of Morita-reflexive objects in the case R U S is a Morita bimodule [21] .
Comparing with the classical Morita case, the ∆-density condition appears. In [27, 47.7, (1)] is proved that if for any k ∈ N and f : M → U k , the Coker f is ∆-torsionless, then a module M is ∆-dense. In particular if gen R U ⊆ Cogen U , all left R-modules are ∆-dense.
We generalize this result obtaining a characterization of the modules M which are ∆-dense. Let us start with the following 
it is easy to verify by diagram chasing that this happens if and only if η Proof. Let us prove that gen U ⊆ D Cogen U . Given N ∈ gen U , consider the commutative diagram with exact rows
If gen U = pres U , we can assume L ∈ gen U ; if U is noetherian, then L is finitely generated. In both the cases δ L is an isomorphism. Then ∆ΓN = 0 and η 0 N is an isomorphism.
We have the following closure properties for D-reflexive ∆-torsionless modules. Proof. Let K := Ker f and C := Coker f . Consider the exact sequence
We have an exact sequence 0 → K → P → M → 0 with P projective and K finitely generated. Since K is D-reflexive by Lemma 3.1, 1a), we have the following diagram with exact rows
Any ∆-torsionless module is clearly ∞-orthogonal. A D-reflexive ∆-torsion module is by definition 1-orthogonal, but it is necessarily ∞-orthogonal: If S = End( R U ) and it is noetherian, by Lemma 3.1, (1c), and Proposition 4.12 all finitely generated right S-modules are ∞-orthogonal.
If R U S is a 1-cotilting bimodule with R = End(U S ), a ∆-torsionless left R-module is the direct limit of its finitely generated submodules and these are D-reflexive by Proposition 3.1, (1a). Something similar happens to the ∆-torsion modules: Lemma 4.13. Let R U S be a 1-cotilting bimodule. Any ∆-torsion module N is the direct limit of the rejects of its finitely generated submodules. If R = End(U S ) and N is a D-torsionless 1-orthogonal left R-module, then the rejects of its finitely generated submodules are D-reflexive.
Proof. Let {L λ : λ ∈ Λ} be the family of all finitely generated submodules of N . Applying the direct limit to the short exact sequence 
Proof. Let F be a finitely generated submodule of ΓN and i : F → ΓN the inclusion. Let us consider the composition
We have to prove that φ is epic. Consider the exact sequence
Since ∆Γ 2 N = 0, by Lemma 3.1, (1b), and Proposition 1.10, F and Rej U F are Dreflexive; in particular, by Proposition 1.7, ∆Γ Rej U F = 0 and hence ∆ Coker φ = 0. Applying ∆ we get the exact sequences
Therefore Γ Coker φ is contained in Ker Γφ. Since ΓN is ∆-torsion, we have the following commutative diagram
hence Γφ is a monomorphism and Γ Coker φ = 0. Since R U is cotilting and also ∆ Coker φ = 0, we have Coker φ = 0, i.e. φ is an epimorphism. 
and hence we have the following commutative diagram with exact rows Proof. Since ∆ΓN = 0 and N is D-torsionless, we have to prove only that η 0 N is an epimorphism. By Lemma 4.13, the S-module ΓN is a direct limit of the rejects of its finitely generated submodules {Rej U F λ : λ ∈ Λ}, and these are D-reflexive. Denoted by i λ and j λ the inclusions / / Γ Rej U F λ we get the commutative diagram We have the following closure properties for D-reflexive ∆-torsion modules.
